Abstract. A Vortex Particle-Mesh (VPM) method with immersed lifting lines has been developed and validated. Based on the vorticity-velocity formulation of the Navier-Stokes equations, it combines the advantages of a particle method and of a meshbased approach. The immersed lifting lines handle the creation of vorticity from the blade elements and its early development.
a state-of-the-art Vortex Particle-Mesh (VPM) method combined with immersed lifting lines (Chatelain et al., 2013) . We focus on the intrinsic vortex dynamics and wake decay mechanisms; all simulations are thus carried out without turbulence in the wind. The simulation tool is validated against experimental aerodynamic data and is then run for a standard, medium-solidity, H-shaped machine: mean flow and turbulence statistics are computed over more than 15 diameters downstream of the machine.
The sensitivity of the wake behavior to the operating conditions (Tip Speed Ratio, TSR) and to the machine aspect ratio (AR) 5 is also assessed. This paper is structured as follows. We briefly recall the Vortex Particle-Mesh (VPM) method in Section 2 and present some of the advances that enabled the Large Eddy Simulation of wind turbines within this VPM context: the multiscale Sub-Grid Scale model and the modeling of blades through immersed lifting lines. Section 3 presents some validation of our methodology, then moves to the study of a standard VAWT from the perspectives of its aerodynamics and its wake dynamics.
We close this paper in Section 4 with our conclusions and perspectives. 
where ⌫ is the kinematic viscosity, and T M is the Sub-Grid Scale (SGS) model. The velocity field is recovered from the vorticity by solving the Poisson equation
The advection of vorticity is handled in a Lagrangian fashion using particles, characterized by a position x p , a volume V p and 20 a vorticity integral
where we identify the roles of the velocity field in the advection, and of the vortex stretching, diffusion and SGS terms for the evolution of vorticity.
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The right-hand sides of these equations are evaluated efficiently on an underlying mesh (Chatelain et al., 2008) . The stretching and diffusion operators use fourth-order finite differences and Eq. (2) is solved efficiently with a Fourier-based solver. In this work, we rely on the technique used by Chatelain and Koumoutsakos (2010) , which handled a combination of periodic and unbounded directions through the approach of Hockney and Eastwood (1988) . It is here extended to an inflow-outflow direction, say x, and two unbounded directions, y and z. A Fourier transform along x yields
whereũ(k x , y, z) stands for the x-transformed field. For a given k x mode, this is a two-dimensional Helmholtz equation in an unbounded (y, z)-domain; it is solved through a convolution with the corresponding Green's function in Fourier space through the domain-doubling technique of Hockney and Eastwood (1988) , see (Chatelain and Koumoutsakos, 2010) for details. The 5 wavenumbers k x are here constrained to produce inflow-outflow conditions, or equivalently to only permit adequately-phased sine or cosine modes. The following conditions on the streamwise velocity are then imposed: u x (0, y, z) = U 1 at the inflow, and @ux @x (L x , y, z) = 0 at the outflow. These are completed with the conditions on the transverse components
The SGS model is a simplified version of the Variational Multiscale (VM) model (Hughes et al., 2001) , known as the 10 Regularized version (RVM) (Jeanmart and Winckelmans, 2007) . In that variant, the SGS model is designed as an eddy viscosity model acting only on the small scale field
where ! s represents the small-scales part of the vorticity field obtained by high-pass filtering. The eddy viscosity is taken
(2S : S) 1/2 where the strain rate S is evaluated using the complete velocity field. We refer to Cocle et al. 15 (2007 Cocle et al. 15 ( , 2008 Cocle et al. 15 ( , 2009 ) for implementation details and for the values of the coefficients C (n) r when using filtering of order 2n.
In order to carry out the computational steps above, information is made available on the mesh, and recuperated from the mesh, by interpolating back and forth between the particles and the grid using high order interpolation schemes. Advantageously, this hybridization does not affect the good numerical accuracy (in terms of diffusion and dispersion errors) and the stability properties of a particle method. The present method indeed still waives the typical CFL constraint for the explicit 20 time integration of advection, t < C u h/kuk max , and rather involves higher order constraints (Koumoutsakos, 2005) , e.g. t < C ru /kruk max ; this essentially corresponds to preventing particle trajectories from crossing each other. The time integration scheme used in the present work is a low-storage third order Runge-Kutta (Williamson, 1980) . This last discussion actually pertains to the issue of Lagrangian distortion in particle methods. If left alone, particles can be seen to deplete regions of the flow or cluster in others. Several remedies have been proposed. Dissipative terms can be added 25 to the particle ODEs in order to limit the particle deformations (Monaghan, 2000) ; this comes at the price of artificial bulk and shear viscosities. State-of-the-art particle methods, such as the present one, rely on a procedure called remeshing (Cottet, 1996; Koumoutsakos, 1997; Ploumhans and Winckelmans, 2000; Winckelmans, 2004) , which consists in the periodic regularization of the particle set onto a mesh. This procedure typically relies on high order interpolation formulas (Monaghan, 1985; van Rees et al., 2011) which do involve well controlled levels of artificial viscosity. All the simulations of Section 3 have involved 30 a remeshing operation every 5 time steps that uses the third order accurate M 0 4 scheme of Monaghan (1985) ; the same scheme is used for the particle-to-mesh and mesh-to-particle interpolation operations.
Immersed lifting lines
The generation of vorticity along the blades is accounted for through an immersed lifting line approach (Chatelain et al., 2013) .
The approach is very much akin to a Vortex Lattice method and relies on the Kutta-Joukowski theorem (see e.g. (Prandtl, 1923) ) that relates the developed lift L to the relative flow V rel and the circulation bound around the local 2D airfoil
5 Lift can also be obtained from the relative flow, its angle of attack ↵ and the airfoil lift coefficient C l (↵); equating this aerodynamics-provided expression to Eq. (7) allows to solve for the instantaneous circulation at a blade location. The solenoidal property of vorticity then imposes that streamwise and spanwise vorticities be shed from the lifting line in order to account for spanwise and temporal variations of , respectively. Over a time step, the shed vorticity is constructed thanks to Lagrangian tracers released along the blade. The vorticity bound to the blade and the newly generated vorticity are discretized 10 by means of particles immersed in the mesh and in the bulk flow-representing particles; their treatment thus fits within the present particle-mesh framework. Unlike the mesh-only Vorticity Transport Model (Brown and Line, 2002) or an Actuator Line technique (Sørensen et al., 2015) , this treatment of vorticity sources is Lagrangian and well suited for the large time steps enabled by the rest of the method. The aerodynamic behavior of the lifting lines sections, i.e. C l and , account for unsteady effects through a Leishman-Beddoes dynamic stall model (Leishman, 2006) . This semi-empirical model shows a good trade-15 off between simplicity and accuracy, provided that the model coefficients are validated with relevant experimental data. In this work, we follow the indications of Dyachuk (Dyachuk et al., 2014) and Scheurich (Scheurich, 2011) who present coefficients for various airfoils validated in the particular case of a VAWT.
The standard lifting line and the actuator line techniques are not able to capture flow curvature effects. Indeed, if the flow relative to the blade is curved, as it is the case here for a blade in rotation through essentially straight streamlines, the airfoil behaves 20 as an airfoil with an additional camber Migliore and Wolfe (1979); Beaudet (2014) . We consider a blade with a chord c tangentially positioned at a radius R for its quarter-chord position, this additional camber can be modeled in a straightforward manner by pitching the blade inwards by an angle ↵ 0 = arctan ((1 cos( /2))/ sin( /2)) where = arctan(c/2 R)+arctan(c/2 R).
In the validation section below (Sec 3.1), we verify the positive effect of such a correction. Finally, we note that these methods 
Results

Validation
We first present validation results against recent work (Castelein, 2015) for a low solidity two-bladed H-shaped machine with NACA0018 airfoils. The parameters for the Leishman-Beddoes dynamic stall model are based on those for a NACA0015 in 30 (Scheurich, 2011) ; they are here tuned to fit the static behavior of the polar at the Reynolds number of the experiment at (o) with two techniques of force computation from PIV flow fields (Castelein, 2015) .
the design point, Re = U rel c/⌫ = 1.5 10 5 . Throughout this paper, we use the following axes convention: x is the streamwise direction, y is cross-stream and orthogonal to the VAWT axis, which z is parallel to. The origin for the blade angular position ✓ is set at the upwind-going position. Figure 1 presents the profiles of the normal and tangential forces developed by a blade over a revolution, non-dimensionalized with respect to the profile chord c and the dynamic pressure q 0 = 1/2 ⇢U 2 1 . We report on VPM simulations with and without a curvature correction, which here amounts to a inward pitch ↵ 0 = 1.72 . This correction 5 appears to bring a notable improvement of the results particularly for the moderate TSR = ⌦R/U 1 : the explored angles of attack are indeed smaller than at low TSR. While the results at an intermediate TSR show good agreement ( Fig. 1(b) ), there is a clear departure at the lower TSR ( Fig. 1(a) ). The experimental points hint at a stall happening later on the upstream stretch, around 90 , and more abruptly than for the simulation; we report here that the authors of the experiment advised to use circumspection for the F n data at 135 and clearly question the validity of their results for F t through the whole rotation. We this may explain the marked differences observed there. These results are satisfactory: they are indeed very sensitive to the dynamic stall model, here probably still misadapted, and to some unquantified uncertainties for the experimental facility (the TU Delft Open Jet Wind Tunnel), namely its blockage and secondary flows in the test section. 
Aerodynamics
The remainder of this section focuses on a low solidity H-VAWT studied numerically by Scheurich et al. (2010); Scheurich (2011) . For the sake of completeness, we here briefly recall its main parameters: an aspect ratio AR = H/D = 1.5, a solidity = nc/D = 0.1725, and constant-chord NACA0015 airfoils. Simulations were run without the curvature correction investigated above (or equivalently, the simulated corresponds to a machine with a blade pitched outwards by ↵ 0 = 1.65 ).
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Figure 2 shows this machine's power coefficient (C p ) curve as a function of the TSR. In order to be computationally affordable, the whole curve has been produced using an intermediate resolution of D/h = 48 mesh points/particles per diameter; it allows to identify the optimum power operating point at TSR = 3.21. We investigate the behaviors of the aerodynamics and wake topology of this baseline point, two off-design points (TSR = 2.14, 4.28), and also different aspect ratios AR = 1.0, 3.0. These configurations have been simulated at a fine resolution D/h = 96 and in domains that extended up to 17 diameters 10 downstream of the rotor axis. Figure 3 presents the aerodynamic behavior at mid-height. A lower resolution result (D/h = 48) is also shown for the baseline TSR and demonstrates the converged state of our simulations. The aspect ratio only affects marginally the aerodynamics in the middle of the blades; its effects will be discussed further below. A positive angle of attack corresponds to a relative velocity coming from outside of the cylinder swept by the blades. The angle of attack evolution during a revolution is not 15 symmetrical for the upstream and downstream legs because of the reduced velocity encountered downstream. At the baseline TSR, it reaches a maximum just after the most upstream position (15 around ✓ = 120 ) and the downstream region is characterized by a plateau close to 7 . Also of note are the oscillations around 210 and 330 , in the angle of attack and the force coefficients. These are quite well-resolved and physical: as discussed in Section 3.3, the vortex sheets shed during the upstream leg indeed impinge upon the blade in its downstream leg; the velocity jumps associated with these sheets then cause variations in the velocity relative to the blade. The off-design operating points exhibit the expected behaviors: a high TSR will lead to 
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Finally, we summarize the effects of TSR, AR and simulation resolution on the estimation of global performance figures in Table 1 . As expected, the power, thrust and sideforce coefficients are quite sensitive to the TSR. The machine aspect ratio, however, does not seem to have a major impact on them: going from AR = 1 to 3 only improves the C P by less than 2%.
Wakes
Vortex dynamics
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The instantaneous wakes of the AR = 1.5 machine at the three considered TSRs are visualized through volume rendering of the vorticity magnitude in Fig. 4 . They allow several insights into the complex vortical structure of the wake which is significantly different from that of a HAWT. We first consider the design TSR (Fig. 4(b) ). The vorticity shed in the wake consists in (i) the blade tip vortices, which constitute the top and bottom sides of the wake, and (ii) the vortex sheets, shed due to the time- variation of the circulation of the blades, which form the lateral sides. The tip vortices are the strongest in the vicinity of the upstream-and downstream-most positions of the blades (around ✓ = 90 and 270 ) where the blades operate at their maximum angle of attack. There, depending on the appearance of stall, or delayed stall effects, the blade will achieve its maximum circulation then lose it either abruptly or progressively, depending on whether the blade is stalled or not. At the design TSR, the blade exploits the delayed stall at its most: its circulation keeps increasing, well past ✓ = 90 , and then smoothly decreases. This is explained by two phenomena: (1) the airfoil experiences the highest delay in the circulation development (beneficial in this case as it widens the extent of torque production by the blade); (2) the leading edge vortex does not introduce a sharp drop in circulation yet (which clearly happens at lower TSR, see Fig.3b ). The d /dt vorticity shedding is maximum when the blades are close to their lateral positions ✓ = 0 (upwind leg) and 180 (downwind leg). The corners of the wake, i.e. the intersections of the two types of vortical structures described above, give rise to the fastest-growing vortical instabilities which 10 quickly propagate and cause the pairing of vortices of unequal circulations. Indeed, the unsteady aerodynamics have produced vortices with a varying circulation and the shed vortices will interact with a different section of a preceding/succeeding vortex.
In this kind of event, the stronger vortex distorts the weaker one, leading to intense stretching, enstrophy production, and the propagation of disturbances along the vortex cores therefore bringing an overwhelming contribution to the transition to turbulence. This mechanism, most visible in Fig. 4 (a) and isolated in Fig. 5 , is well known in vortex dynamics and had already 15 been identified on aircraft wakes (Bristol et al., 2004; Leweke et al., 2016) . As a direct consequence, the turbulent regions of the wake grow from the corners and the wake only reaches a fully turbulent state once these regions have merged: the distance to reach this state will be governed directly by the aspect ratio of the machine.
The VAWT wake decay is of course also governed by the TSR in a fashion very similar to that of the HAWT: a high TSR (Fig. 4(c) ) induces narrower vortex separations, which directly condition the growth rate of the instabilities and the time to (between ✓ = 90 and 180 ), generating a stopping vortex that will be advected through the rotor (Fig. 4(a) ). One can thus expect a two-lobed wake. Conversely, higher TSRs exhibit weaker vortical structures being advected through the rotor. As discussed in Section 3.2, the d /dt sheets shed on the upstream leg will cross the rotor and impact the blade aerodynamics on the downstream leg, with an extreme case being the above-discussed stall event.
The behaviors of the upstream tip vortices within the rotor are more complex to apprehend, as they are affected by several 5 factors: the intrinsic roll-up dynamics of a vortex sheet (with a time-varying strength) and the velocities induced by the surrounding vortical structures, including the bound vortices on the blades. To some degree, the latter can be crudely linked to the overall rotor loading (the C x values of Table 1 ). For a highly loaded rotor (TSR = 3.21 and 4.28), the generated blockage effects will push the vortices shed upstream vertically and away from the downstream blade tips. One only sees the upstream tip vortices impinging upon the downstream blades at a low rotor loading, as it is the case for TSR = 2.14. This observation does 10 not agree with the results of Scheurich and Brown (Scheurich and Brown, 2013) its Fourier-based solver (Chatelain and Koumoutsakos, 2010) . Other explanations could also be found in a mismatch in the achieved loading by the VAWT and the use of a curvature correction; these effects should be further investigated.
Blockage is but one, and global, factor however. The discussion can be refined as additional, and less immediate, effects are to be expected from the machine geometry. The aspect ratio, as indicated by C x in Table 1 , has a small effect on the blockage and one can also expect an influence on the 3D topology of this blockage effect: a higher AR thus leads to an 5 increased clearance between the vortices and the blade, as shown in Fig. 6 . The number of blades also has a strong influence; the two-bladed machine of Section 3.1 (not shown here, also see (He, 2013) ) exhibits such vortex-blade collisions, in spite of its high loading C x = 0.874. Finally, beyond the rotor, the instantaneous vorticity fields of Fig. 6 also offer some insights into the pairing phenomenon of the tip vortices, the generation of a turbulent wake and the recirculation region.
Average flow statistics
The average behavior of these wakes is studied through the mean axial velocityū and the turbulent kinetic energyk; these statistics were collected over a period T avg = 30 D/U 1 . Figure 7 shows a horizontal slice of these statistics for the AR = 1.5 machine. This averaged wake exhibits several prominent features that reflect the phenomena identified in the discussion above.
In all the conditions, we observe the generation of TKE on the sides of the wake and the associated smearing of the velocity 5 deficit. This is consistent with our discussion of the vortical instabilities in the corner structures and the subsequent propagation of the turbulent regions. At low TSR, the averaged velocity field does exhibit the expected two-lobed structure, with a stronger deficit on the blade-travelling-upwind side of the rotor (✓ 2 [270 , 90 ] ). For the higher TSRs (Figs. 7(b) and 7(c) ), a backflow region lies inside the wake at a position that varies with the TSR: it is centered at x/D ' 5.5 for T SR = 3.21 and at x/D ' 4 for T SR = 4.28. The location of this feature clearly coincides with the production of TKE and an accelerated smearing of the 10 wake velocity deficit; this too agrees with our vortex dynamics discussion. The topology of the associated recirculation bubbles is clearly three-dimensional and will not be discussed here.
Finally, the averaged wakes exhibit a slight deviation in this mid-plane. As expected, the behaviors of the three TSRs do correlate with the signs and values of the side-forces produced by the rotor (see C y in Table 1 ). These side-forces also appear in the average behavior as observed in cross-flow slices (Fig. 8) . The deformation of the velocity deficit clearly hints at the 15 presence of mean streamwise vortices along the corners of the wake (Figs. 8(a) and 8(b) ), a clear departure from a HAWT wake with no side slip angle.
The mean streamwise vorticity at three transverse slices is shown in Fig. 9 . Even though the statistics are converged, the near-perfect periodicity of the flow leads to a pattern of positive and negative patches, signatures of the advection of tip vortices shed on the upstream and downstream parts of the rotation, respectively. The dominant streamwise vorticity is thus difficult to 20 identify in the near-wake but large scale structures can be identified further downstream, also thanks to the induced deformation of the wake.
Decay diagnostics
We apply classical turbulent wake diagnostics to the characterization of the wake decay. More specifically, we adapt integral quantities, such as the displacement and momentum widths, to the present context; the wakes being considered indeed lack 25 symmetry and exhibit strong secondary flow structures, which makes the definition of a velocity deficit evolution based upon a single characteristic point unsuitable. Thus we define dimensionless displacement and momentum surfaces, respectively as These diagnostics correspond to integrals of flux quantities in cross-stream sections located at a distance x downstream of the turbine axis. S 1 quantifies the blockage effect caused by the wake on the flow; it is shown in Fig. 10(a) . As a reference, S 1 should be compared with the square of the displacement width (
2 ) of an axisymmetric wake for which classical similarity theory (Tennekes and Lumley, 1972 ) predicts a behavior S 1 ⇠ x 1/3 in the far wake. The asymmetry of the wake generator and its proximity are such that we cannot observe the self-similarity region: classical results for bluff bodies indicate a development 5 distance of x/D ⇠ 50 to obtain the theoretical far wake self-similarity (Pope, 2001) . The decay observed for x/D > 5 for most of the configurations does however hint at a power-law-like behavior. For HAWTs, it has been observed that the decay deviates significantly from the bluff body behavior in the presence of a turbulence inflow (Litvinov et al., 2015) ; similarly, it will be interesting to assess the sensitivity of VAWT wake decay with respect the turbulence intensity. Still, the evolution of S 1 does provide a signature of the recirculation region: the magnitude and the extent of the overshoot S 1 > 1 correlates with the location and the size of the recirculation bubble for the design and high TSRs (Figs. 7(b) and 7(c)). This correspondence also agrees with the effect of the aspect ratio: an increasing AR pushes both the recirculation (indicated by the merging of vortical 5 structures in the center of the wake in Fig. 6 ) and the S 1 overshoot further downstream.
The dimensionless momentum surface S 2 is related to the deficit in the flux of momentum in these planes. In the absence of secondary flows and pressure gradients, it should in fact correspond to the thrust coefficient S 2 ' C x at large distances behind the VAWT when a factor 2 is used in the definition of S 2 , as here in Eq. (9). This is confirmed by our results of Fig. 10(b) ): after a transition, the curves tend towards the corresponding C x values of Table 1 .
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Finally, the case TSR = 2.14 constitutes an outlier in the discussions above. This is not unexpected: the instability growth is slower than for the other cases and does not allow the transition to a well-mixed fully-turbulent wake within the computational domain. 
Conclusions
A Vortex Particle-Mesh method, here briefly presented, has been applied to large scale and high resolution LES of VAWT 15 wakes. The method is capable of tracking vortical structures over very long times and distances. This has led to several insights into the vortex dynamics at work inside the wakes of VAWTs. The mean flow topology has been extracted; unsteady flow aspects, three-dimensional effects and classical wake diagnostics have also been studied. The impact of several of these flow features for the deployment of VAWTs in wind farms is considerable: the aspect ratio and the operating conditions of the machine greatly affect the wake decay, and even allow the presence of a recirculation region. The present study merely constitutes a preliminary study of VAWT wakes. Direct follow-up work will investigate the 3D topology of the averaged wake and its unsteadiness. We will then also consider the behavior of these machines and of their wakes in a turbulent wind. Our methodology can also accommodate rotor dynamics models and realistic controllers; this will bring definitive answers to the 5 smoothness of torque generation for H-type VAWTs and their performances in wind farms.
Code availability
The Immersed Lifting Line VPM code and its Fourier-based solver library are proprietary. The Parallel Particle-Mesh (PPM) library is an open source library (ETHZ/CSE Lab, 2011).
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The data sets involved in this study consist of massive 3D and time-dependent data sets, the handling of which is not tractable on a data registry. 
